The influence of the ionized medium on synchrotron emission of intermediate energy electrons by Ramaty, R.
THE INFLUENCE OF THE IONIZED MEDIUM ON SYNCHROTRON 
EMISSION OF INTERMEDIATE ENERGY ELECTRONS 
REWEN RAMATY* 
NASA-GODDARD SPACE FLIGHT CENTER, GREENBELT, MD. 
* N a t i o n a l  A c a d e m y  of Science - N a t i o n a l  R e s e a r c h  C o u n c i l  




The s u p p r e s s i o n  of synchro t ron  emiss ion  a t  l o w  f r e q u e n c i e s  
due t o  t h e  Pnf luence  of t h e  ion ized  medium is i n v e s t i g a t e d .  
E x p l i c i t  e x p r e s s i o n s  and d e t a i l e d  numer ica l  v a l u e s  of t h e  
emis s ion  s p e c t r a  are p r e s e n t e d  for v a r i o u s  e l e c t r o n  e n e r g i e s  
and plasma and c y c l o t r o n  f r e q u e n c i e s .  Unl ike  p r e v i o u s  s t u d i e s  
of t h i s  s u p p r e s s i o n  e f f e c t ,  which were a p p l i c a b l e  on ly  t o  
u l t r a r e l a t i v i s t i c  e l e c t r o n s ,  t h e  p r e s e n t  t r e a t m e n t  is v a l i d  
for e l e c t r o n s  of a r b i t r a r y  e n e r g i e s  and i n  p a r t i c u l a r  for 
i n t e r m e d i a t e  energy e lec t rons  such a s  t h o s e  presumably ac- 
c e l e r a t e d  i n  solar  f lares .  
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INTRODUCTION 
The s u p p r e s s i o n  of t h e  low f r e q u e n c i e s  of synchro t ron  
e m i s s i o n  due t o  t h e  i n f l u e n c e  of t h e  ambient i o n i z e d  medium 
was i n v e s t i g a t e d  by T s y t o v i c h  (1951) ,  Ginzburg (1953) and Razin 
(1957, 1960) .  T h i s  s u p p r e s s i o n  e f f e c t  is e s s e n t i a l l y  t h e  r e s u l t  
of t h e  phase v e l o c i t y  of l i g h t  becoming g r e a t e r  t h a n  c a t  f r e q u e n c i e s  
above t h e  plasma f requency  bu t  s u f f i c i e n t l y  n e a r  t o  i t ,  where t h e  
index  of r e f r a c t i o n  of t h e  ambient medium is less t h a n  u n i t y .  Ad- 
d i t i o n a l  s t u d i e s  of t h i s  e f f e c t  and its a p p l i c a t i o n  t o  cosmic 
r a d i o  emission were g i v e n  by Ginzburg and S y r o v a t s k i i  (1964, 19651, 
Scheuer (1965) and McCray (1966 ,  1967) .  
The i n f l u e n c e  of t h e  ambient c o r o n a l  plasma on t h e  s p e c t r a  
of s o l a r  Type I V  r a d i o  b u r s t s ,  which are g e n e r a l l y  b e l i e v e d  t o  
be synchro t ron  emiss ion  of e n e r g e t i c  e l e c t r o n s  a c c e l e r a t e d  i n  
so la r  f l a r e s ,  w a s  i n v e s t i g a t e d  by Ramaty and L i n g e n f e l t e r  (1967) .  
They showed t h a t  t h e  l o w  f requency  c u t o f f s  observed  f o r  t h e s e  
b u r s t s  (Takakura and - K a i ,  1961) c o u l d  r e s u l t  from t h e  s u p p r e s s i o n  
of t h e  synchro t ron  e m i s s i v i t y  a t  low f r e q u e n c i e s  r a t h e r  t h a n  from 
a b s o r p t i o n  d u r i n g  p ropaga t ion  th rough  t h e  so la r  c o r o n a ,  and t h a t  
from t h e  s t u d y  of  t h e  observed  c u t o f f  it is p o s s i b l e  t o  deduce 
t h e  m a g n e t i c  f i e l d  or  t h e  ambient d e n s i t y  of t h e  e m i t t i n g  r e g i o n .  
T h i s  p o s s i b i l i t y  w a s  r e c e n t l y  s u b s t a n t i a t e d  by Boischot  and C l a v e l i e r  
(1967) who p o i n t e d  o u t  t h a t  t h e  v e r y  s h a r p  low f requency  c u t o f f  
of a Type I V  solar  b u r s t ,  which t h e y  observed  t o  o r i g i n a t e  a t  a 
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l a r g e  d i s t a n c e  from t h e  so la r  s u r f a c e ,  cou ld  indeed be a sup- 
p r e s s i o n  e f f e c t  r a t h e r  t h a n  a b s o r p t i o n ,  s i n c e  a t  t h e  f requency  
of t h e  observed  c u t o f f ,  t h e  ambient c o r o n a l  plasma cou ld  h a r d l y  
a f f e c t  t h e  p ropaga t ion  of r a d i o  waves. From t h e s e  c o n s i d e r a t i o n s ,  
t h e y  t h e n  provided  an  estimate of t h e  c o r o n a l  magnet ic  f i e l d  a t  
t h e  s i t e  of t h e  emis s ion .  
The s t r a i g h t - f o r w a r d  a p p l i c a t i o n  of t h i s  s u p p r e s s i o n  e f f e c t  
t o  s o l a r  r a d i o  e m i s s i o n ,  however, must be t r e a t e d  w i t h  some c a u t i o n  
because  a l l  t h e  a v a i l a b l e  t r e a t m e n t s  of t h e  i n f l u e n c e  of t h e  i o n i z e d  
medium on s y n c h r o t r o n  emiss ion  a r e  v a l i d  o n l y  f o r  u l t r a r e l a t i v i s t i c  
e l e c t r o n s  whereas  t h e  bu lk  of t h e  Type I V  b u r s t s  cou ld  o r i g i n a t e  
from e l e c t r o n s  of on ly  m i l d l y  r e l a t i v i s t i c  e n e r g i e s  (Takakura,  1960; 
H o l t  and C l i n e ,  1968) .  
The r a d i a t i o n  i n  vacuum of e l e c t r o n s  of a r b i t r a r y  e n e r g i e s  
s p i r a l i n g  about  t h e  l i n e s  of f o r c e  of a c o n s t a n t  magnet ic  f i e l d  
w a s  f i r s t  d e r i v e d  by S c h o t t  (1912) and d i s c u s s i o n s  of h i s  t r e a t -  
ment were g iven  by Schwinger (1949) and Landau and L i f s h i t z  (1962) .  
Takakura (1960) used  t h e s e  r e s u l t s  t o  c a l c u l a t e  t h e  s y n c h r o t r o n  
e m i s s i o n  f r o m  i n t e r m e d i a t e  energy so l a r  e l e c t r o n s .  H i s  formalism 
w a s  a p p l i e d  t o  v a r i o u s  Type I V  b u r s t s  (Takakura and K a i ,  1961; 
Takakura ,  1967; H o l t  and C l i n e ,  19681, b u t ,  as w a s  p o i n t e d  o u t  
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Takakura ,  1967; Hol t  and C l i n e ,  1968) t h i s  formalism 
s u f f e r s  f r o m  t h e  n e g l e c t  of t h e  e f f e c t s  of t h e  i o n i z e d  medium. 
T h e r e f o r e ,  i n  o r d e r  t o  improve ou r  unde r s t and ing  of t h e  n a t u r e  of 
t h e s e  solar  b u r s t s  i t  would be of c o n s i d e r a b l e  importance t o  re-  
lax t h e  u l t r a r e l a t i v i s t i c  approximation used  i n  p r e v i o u s  t r e a t m e n t s  
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and t o  e v a l u a t e  s y n c h r o t r o n  emiss ion  s p e c t r a  from e l e c t r o n s  of 
a r b i t r a r y  e n e r g i e s  i n  t h e  p re sence  of a n  i o n i z e d  medium. 
The g e n e r a l  problem of t h e  r a d i a t i o n  from charged  p a r t i c l e s  
moving i n  a magnetoplasma w a s  t r e a t e d  by Eidman (19581, Liemohn 
(1965) and Mans f i e ld  (1967). These t r e a t m e n t s  p r o v i d e  e x p l i c i t  
e x p r e s s i o n s  f o r  t h e  s p e c t r a l  and a n g u l a r  d i s t r i b u t i o n  of t h e  
power r a d i a t e d  i n t o  bo th  o r d i n a r y  and e x t r a o r d i n a r y  modes by a 
s i n g l e  e l e c t r o n  moving i n  a h e l i c a l  o r b i t  i n  a c o l d ,  c o l l i s i o n -  
less plasma permeated by a s t a t i c  uniform magnet ic  f i e l d .  The  
r e s u l t i n g  s p e c t r a  were numer i ca l ly  ana lyzed  by Liemohn (1965) a t  
f r e q u e n c i e s  i n  t h e  v i c i n i t y  of t h e  plasma and gy ro - f r equenc ie s  of 
t h e  ambient e l e c t r o n s  f o r  which t h e  i n d i c e s  of r e f r a c t i o n  of e i t h e r  
t h e  o r d i n a r y  or e x t r a o r d i n a r y  modes are rea l  and g r e a t e r  t h a n  u n i t y .  
Although p a r t  of t h e  solar  radio emiss ion ,  e s p e c i a l l y  i n  t h e  micro- 
wave band,  may be produced a t  these f r e q u e n c i e s ,  i n  t h e  p r e s e n t  
pape r  w e  s h a l l  on ly  i n v e s t i g a t e  t h e  r a d i a t i o n  a t  f r e q u e n c i e s  above 
t h e  plasma f requency  where t h e  i n d i c e s  of r e f r a c t i o n  of both 
o r d i n a r y  and e x t r a o r d i n a r y  modes are rea l  and less t h a n  u n i t y .  
For  such  f r e q u e n c i e s  t h e  phase  v e l o c i t y  of l i g h t  is g r e a t e r  t h a n  
c ,  a n d ,  as p o i n t e d  o u t  above ,  t h i s  r e s u l t s  i n  t h e  s u p p r e s s i o n  of 
t h e  l o w  f r e q u e n c i e s  of s y n c h r o t r o n  emiss ion .  I n  o r d e r  t o  assess 
t h e  importance of t h i s  e f f e c t  f o r  i n t e r m e d i a t e  energy  e l e c t r o n s ,  
a n  e x p r e s s i o n  is d e r i v e d  f o r  t h e  f requency  spec t rum,  i n t e g r a t e d  
over  a l l  ang le s ,o f  t h e  emis s ion  from a n  e l e c t r o n  of a r b i t r a r y  
ene rgy  moving i n  a c i r c u l a r  o r b i t  i n  a homogeneous and i s o t r o p i c  
e l e c t r o n  plasma. T h i s  d e r i v a t i o n  is based  on t h e  more g e n e r a l  
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t r e a t m e n t s  ment ioned above ,  a s  w e l l  as on a n  independent  de- 
r i v a t i o n  a p p r o p r i a t e  f o r  c i r c u l a r  motion and f r e q u e n c i e s  f o r  
which bo th  i n d i c e s  of  r e f r a c t i o n  a re  i s o t r o p i c ,  r e a l ,  and less 
t h a n  u n i t y .  The r e s u l t a n t  emiss ion  s p e c t r a  are e v a l u a t e d  nu- 
m e r i c a l l y  f o r  v a r i o u s  e l e c t r o n  e n e r g i e s  and plasma p a r a m e t e r s  
and  it is shown t h a t  fo r  l a r g e  p lasma f r e q u e n c i e s  there  is a 
s i g n i f i c a n t  s u p p r e s s i o n  of emission f o r  e l e c t r o n s  of a l l  e n e r g i e s .  
F i n a l l y ,  by comparing t h e s e  s p e c t r a  w i t h  t h o s e  o b t a i n e d  from t h e  
u l t r a r e l a t i v i s t i c  approximat ion  mentioned above ,  t h e  v a l i d i t y  of  
t h e  high-energy fo rmulas  used  i n  t h e  p r e v i o u s  t r e a t m e n t s  of t h e  
e f f e c t s  of t h e  medium is i n v e s t i g a t e d  a t  v a r i o u s  e l e c t r o n  e n e r g i e s  
which cou ld  be of importance f o r  s o l a r  r a d i o  e m i s s i o n .  
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R a d i a t i o n  From A r b i t r a r y  Energy E l e c t r o n s  
The angu la r  and f requency  d i s t r i b u t i o n  of t h e  e lectro-  
magnet ic  emiss ion  from an  e l e c t r o n  moving w i t h  an a r b i t r a r y  
v e l o c i t y  v i n  a c i r c u l a r  o r b i t  i n  a homogeneous i o n i z e d  medium 
permeated by a s t a t i c  uniform magnet ic  f i e l d  6 i sg iven  by (Liemohn, - 
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1965) : 
The s u b s c r i p t s  (+) or (-1 i n d i c a t e  emis s ion  i n t o  t h e  o r d i n a r y  
or  e x t r a o r d i n a r y  modes r e s p e c t i v e l y ;  6 is t h e  r a t i o  of v t o  c ;  
y is t h e  e l e c t r o n  Loren tz  f ac to r ;  8 is t h e  a n g l e  between g and 
t h e  r a d i u s  vector f r o m  t h e  e l e c t r o n ’ s  g u i d i n g  c e n t e r  t o  t h e  p o i n t  
of o b s e r v a t i o n ; u j g  is t h e  c y c l o t r o n  f requency  of t h e  ambient  elec- 
t r o n s ; n + ( v , B )  - is t h e  index  of r e f r a c t i o n  of t h e  i o n i z e d  medium 
and is i n  g e n e r a l  f requency  dependent and a n i s o t r o p i c  w i t h  r e s p e c t  
t o  t h e  d i r e c t i o n  of  t h e  magnet ic  f i e l d ;  and Js is a B e s s e l  f u n c t i o n  
of o r d e r  6. The p o l a r i z a t i o n  c o e f f i c i e n t s  de* (q@) (0,o) 
(Liemohn, 1965) are  d e f i n e d  i n  terms of t h e  components of t h e  
e l ec t r i c  v e c t o r  of t h e  r a d i a t i o n  f i e l d  
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+ 
where  Ex a n d  E g  are  t h e  t r a n s v e r s e  components  of  E a n d  Ek is t h e  
component of  3 a l o n g  t h e  8 d i r e c t i o n  d e f i n e d  a b o v e .  
The i n d e x  of r e f r a c t i o n  a n d  t h e  p o l a r i z a t i o n  c o e f f i c i e n t s  
can  be  d e t e r m i n e d  f rom t h e  p r o p e r t i e s  of t h e  ambien t  i o n i z e d  
medium. For a cold c o l l i s i o n l e s s  e l e c t r o n  p l a sma  t h e s e  q u a n t i t i e s  
are (Ginzburg ,  1961 ;  Liemohn, 1965) .  
The d i m e n s i o n l e s s  q u a n t i t i e s  F and P are d e f i n e d  i n  t e r m s  o f  t h e  
c y c l o t r o n  and  p lasma f r e q u e n c i e s  
where  YB a n d  vp are g i v e n  i n  terms of t h e  m a g n e t i c  f i e l d  B and  
t h e  e l e c t r o n  d e n s i t y  n e b y  
The i n d i c e s  o f  r e f r a c t i o n ,  n+ and r )  -, have  s e v e r a l  c u t o f f s  (I)=o) 
a n d  resonances(&.p).  For F ) P p 3 > %  , however ,  n+ is rea l  and  
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is a l s o  r e a l  a n d  l ess  t h a n  1. Assuming t h a t  sue and  l i m i t i n g  
o u r  d i s c u s s i o n  t o  f r e q u e n c i e s  g r e a t e r  t h a n  ( &$?+'&f/4?) uB12 a% 
w e  see t h a t  for 3>v b o t h  i n d i c e s  of  re f rac t ion  a re  r e a l  and  there-  
fore t h e  t o t a l  e m i s s i o n  is t h e  sum of t h e  e m i s s i o n s  i n  t h e  o r d i -  
n a r y  and  e x t r a o r d i n a r y  modes g i v e n  by e q u a t i o n  (1) . 
w e  can  n e g l e c t  s e c o n d  o r d e r  t e r m s  i n  1/F and  1 /P ,  and  t h e r e f o r e  
t h e  i n d e x  of r e f r a c t i o n  a n d  t h e  p o l a r i z a t i o n  c o e f f i c i e n t s  g i v e n  
by e q u a t i o n s  (21, (3) and  (4 )  r e d u c e  t o  
t P 
P 
S i n c e  U>Up,) I+!=, 
U s i n g  e q u a t i o n s  (5), ( 6 )  a n d  (71, t h e  t o t a l  e m i s s i o n  is o b t a i n e d  
by a d d i n g  t h e  c o n t r i b u t i o n s  from t h e  t w o  modes i n  e q u a t i o n  (1). ' 
T h i s  r e s u l t s  i n  
S 
I n  o r d e r  t o  s u b s t a n t i a t e  t h e  v a l i d i t y  of t h e  l i m i t i n g  p r o c e s s  u s e d  
t o  d e r i v e  e q u a t i o n  (8), w e  p r o v i d e  a n  i n d e p e n d e n t  d e r i v a t i o n  of 
t h i s  e q u a t i o n , a p p r o p r i a t e  f o r  t h e  p h y s i c a l  c o n d i t i o n s  m e n t i o n e d  
a b o v e .  T h i s  is done i n  Appendix I ,  where  w e  show t h a t  e q u a t i o n  
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(8) c a n  i n d e e d  be d e r i v e d  d i r e c t l y  from Maxwell 's  e q u a t i o n s  f o r  
a n  e l e c t r o n  of a n  a r b i t r a r y  v e l o c i t y  moving i n  a c i r c u l a r  o r b i t  
i n  a s t a t i c  uniform magnet ic  f i e l d  immersed i n  an  i s o t r o p i c  
e l e c t r o n  plasma w i t h  index  of r e f r a c t i o n  g i v e n  by e q u a t i o n  ( 5 ) .  
S i n c e  t h e  r a d i a t i o n  h a s  az imutha l  symmetry w i t h  respect  t o  
4 
t h e  d i r e c t i o n  of B ,  t h e  t o t a l  r a d i a t i o n ,  I ( O ) ,  i n t e g r a t e d  ove r  a l l  
a n g l e s  is g i v e n  by 
T h i s  i n t e g r a l  can be  e v a l u a t e d  by t h e  same methods a s  t h o s e  used  
by S c h o t t  (1912) f o r  t h e  e v a l u a t i o n  of  a s i m i l a r  i n t e g r a l  f o r  
r a d i a t i o n  i n  vacuum. The p resence  of  t h e  i o n i z e d  medium, however, 
i n t r o d u c e s  some c o m p l i c a t i o n s  and t h e r e f o r e  i n  Appendix I1 w e  pro- 
v i d e  a n  o u t l i n e  of  t h e  i n t e g r a t i o n  p r o c e s s  s u i t a b l e  f o r  t h e  p re -  
s e n t  problem. The r e s u l t i n g  i n t e g r a t e d  emis s ion  is g i v e n  by 
For  n=1 e q u a t i o n  (10) d i r e c t l y  r e d u c e s  t o  t h e  emis s ion  spec t rum 
i n  vacuum g i v e n  by S c h o t t  (1912) and  Landau and L i f s c h i t z  (1962) .  
I n  o r d e r  t o  compare e q u a t i o n  (10) w i t h  p r e v i o u s  t r e a t m e n t s  of t h e  
e f f e c t s  of t h e  medium on s y n c h r o t r o n  emiss ion  w e  i n t r o d u c e  t h e  
e m i s s i v i t y  f u n c t i o n ,  F($/U,>, g iven  by 
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i n  terms of which e q u a t i o n  (10) can  be w r  t t e n  a s  
For cer ta in  l i m i t i n g  c o n d i t i o n s  e q u a t i o n  (11) c a n  be c o n s i d e r a b l y  
s i m p l i f i e d  by u s i n g  a s y m p t o t i c  forms of t h e  Bessel f u n c t i o n s .  
I n  Appendix I11 w e  show t h a t :  
a)  If S / k 3  ;$ / e q u a t i o n  (11) r e d u c e s  t o  
/ 
( b u t  S/)-” n o t  n e c e s s a r i l y  larger 
I 
b) I f  S>7\ and k,>)l 
t h a n  1) equa t ion  (11) a l s o  r e d u c e s  t o  
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From e q u a t i o n  (17) w e  see t h a t ,  depending on t h e  v a l u e  of 9 / d  P 6 '  
c o n d i t i o n  ( a )  can  be s a t i s f i e d  f o r  s m a l l  a s  w e l l  a s  f o r  l a r g e  
v a l u e s  of s and y .  For example,  f o r  Gp/9' =6,S/);:Z3for a l l  
v a l u e s  of s and y of i n t e r e s t .  On t h e  o t h e r  hand ,  c o n d i t i o n  (b)  
w i l l  be s a t i s f i e d  i n  g e n e r a l  only by u l t r a r e l a t i v i s t i c  e l e c t r o n s .  
I n d e e d ,  e q u a t i o n  (15) is i d e n t i c a l  t o  t h e  e m i s s i v i t y  f u n c t i o n  
u s e d  i n  t h e  p r e v i o u s  t r e a t m e n t s  of t h e  i n f l u e n c e  of t h e  i o n i z e d  
m e d i u m  (Ginzburg and S g r o v a t s k i i ,  1964, 1965; Ramaty and I L i n g e n f e l t e r ,  -
1967.) The v a l i d i t y  of t h i s  approximat ion ,  however,  can be b e s t  
a s s e s s e d  by t h e  numer ica l  e v a l u a t i o n s  which are d i s c u s s e d  i n  t h e  
n e x t  s e c t i o n .  
-12- 
Numerical  R e s u l t s  
The e m i s s i v i t y  f u n c t i o n  F 0 UC can  be e v a l u a t e d  by u s i n g  ( 1  1 
e q u a t i o n  (111, or i f  e i t h e r  c o n d i t i o n s  (a) or (b)  a r e  s a t i s f i e d ,  
c a n  be d i r e c t l y  o b t a i n e d  f r o m  e q u a t i o n s  (15) or (16) ( +J 
r e s p e c t i v e l y .  The u s e  of t h e s e  a sympto t i c  e q u a t i o n s  is n e c e s s a r y  
i n  c e r t a i n  cases owing t o  t h e  d i f f i c u l t i e s  i nvo lved  i n  t h e  nu- 
merical e v a l u a t i o n  of B e s s e l  f u n c t i o n s  of l a r g e  o r d e r s  and a rgu -  
ments .  By s imul t aneous ly  e v a l u a t i n g  e q u a t i o n s  (11) and (15) w e  
f i n d  t h a t  t h e  v a l u e s  of F (U/dc) g iven  by these e q u a t i o n s  do n o t  
d i f f e r  by more t h a n  20% ifq&:>3 
t h a t  equa t ion  (15) is a c c u r a t e  t o  w i t h i n  2% i f  
these t r a n s i t i o n a l  c o n d i t i o n s  w e  have e v a l u a t e d  F(O/Uc) as a 
f u n c t i o n  of v/y f o r  v a r i o u s  v a l u e s  of j. and 9 /Q 
. S i m i l a r l y ,  w e  a l s o  f i n d  - 
& 2 2 . 5 .  Using \ -  
e 8 .  
I n  f i g u r e  1 F(V/Vc) is p l o t t e d  f o r  UP=o (emiss ion  i n  vacuum.) 
The c i rc les  cor respond t o  t h e  first 10 harmonics  (s=l, . . . , l o )  and 
i t  can  be  seen  t h a t  as  t h e  e l e c t r o n  energy  i n c r e a s e s  t h e  harmonics  
c l u s t e r  t o g e t h e r  and t h e  emiss ion  spec t rum.can  be approximated by 
a smooth d i s t r i b u t i o n .  I t  can  a l s o  be s e e n  t h a t  t h e  e m i s s i v i t y  a t  
h i g h  f r e q u e n c i e s  increases w i t h  i n c r e a s i n g  energy  and t h a t  f o r  
L o r e n t z  f a c t o r s  greater t h a n  abou t  3, F ( U / \ ) e )  can be w e l l  app rox i -  
mated by t h e  u l t r a r e l a t i v i s t i c  spec t rum ( ~ + c U )  c a l c u l a t e d  from 
e q u a t i o n  (15) w i t h  n=1.  
I n  f i g u r e  (2) F (V /V, )  is p l o t t e d  a s  a f u n c t i o n  of U/UC f o r  
made i n  t h e  d e r i v a t i o n  u ~ / Q ~ =  6 .  
of e q u a t i o n  (8) is q u i t e  w e l l  s a t i s f i e d  i n  t h i s  case . )  As i n  t h e  
p r e v i o u s  u l t r a r e l a t i v i s t i c  t r e a t m e n t s  of t h e  e f f ec t  of t h e  medium 
(The assumption t h a t  Up7>ua 
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( e . g . ,  Ramaty and L i n g e n f e l t e r ,  1967, F i g u r e  11,  t h e r e  is a s ig -  
n i f i c a n t  s u p p r e s s i o n  of t h e  emission a t  l o w  f r e q u e n c i e s .  Moreover,  
f o r  low v a l u e s  of , t h e  t o t a l  r a d i a t e d  power is a l s o  s t r o n g l y  
s u p p r e s s e d .  T h i s  t o t a l  suppres s ion  is t h e  combined r e s u l t  of t h e  
l o w  f r equency  c u t o f f  due t o  t h e  i n f l u e n c e  of t h e  i o n i z e d  medium 
and t h e  s m a l l  e m i s s i v i t y  of t h e  m i l d l y  r e l a t i v i s t i c  e l e c t r o n s  a t  
h i g h  f r e q u e n c i e s .  
k 
I n  o r d e r  t o  assess t h e  d e v i a t i o n s  of t h e  u l t r a r e l a t i v i s t i c  
approx ima t ion  mentioned above from t h e  p r e s e n t  r e s u l t s  w e  have 
p l o t t e d  i n  f i g u r e  (3) t h e  r a t i o ,  FuR/F, of t h e  s p e c t r a  o b t a i n e d  
f r o m  e q u a t i o n  (15) t o  t h o s e  shown i n  f i g u r e  ( 2 ) .  We can see t h a t  
t h e  u l t r a r e l a t i v i s t i c  approximation is q u i t e  adequa te  a t  l a r g e  v a l u e s  
of & s i n c e  f o r  a l l  v a l u e s  of '3/3' where t h e r e  is s i g n i f i c a n t  e m i s s i o n ,  
FUR/F does  n o t  d e v i a t e  s i g n i f i c a n t l y  from u n i t y .  A t  lower v a l u e s  of 
8 , however,  t h e  u l t r a r e l a t i v i s t i c  approximat ion  a p p r e c i a b l y  over-  
estimates t h e  i n t e n s i t y  of t h e  emiss ion  a t  a l l  v a l u e s  of U/uc . 
Because of t h i s ,  f o r  s u f f i c i e n t l y  large plasma f r e q u e n c i e s ,  t h e  
c u t o f f s  i n  t h e  emis s ion  s p e c t r a  of i n t e r m e d i a t e  energy e l e c t r o n s  
due t o  t h e  i n f l u e n c e  of t h e  medium w i l l  be even s h a r p e r  t h a n  t h e  
l o w  f r equency  s u p p r e s s i o n s  ob ta ined  i n  t h e  p rev ious  u l t r a r e l a t i v i s t i c  
t r e a t m e n t s  of t h i s  e f f e c t .  A s  p o i n t e d  out  i n  t h e  i n t r o d u c t i o n ,  t h i s  
may have i n t e r e s t i n g  i m p l i c a t i o n s  on Type I V  solar r a d i o  b u r s t s .  
I 
In  f i g u r e s  (4) and (5) w e  p l o t t e d  F(U/Uc) f o r  llp/uB of 3 and 
1 . 5  r e s p e c t i v e l y .  I t  can be seen  t h a t  t h e  i n f l u e n c e  of t h e  medium 
d i m i n i s h e s  w i t h  d e c r e a s i n g  plasma f r equency .  The approx ima t ions  
based  on t h e  assumption t h a t  9 , mentioned above ,  probably  
b r e a k  down f o r  t h e  s p e c t r a  shown i n  f i g u r e  5 .  However, a s  can  be 
Seen by comparing f i g u r e s  1 and 5 ,  f o r  9 19 
P 
=1.5 t h e  i n f l u e n c e  of 
P 6  
- 14- 
t h e  medium becomes q u i t e  small and a t  f r e q u e n c i e s  where both modes 
propagate f r e e l y  the  emiss ion is much l i k e  t h a t  i n  vacuum. 
- 15- 
Appendix I 
W e  c o n s i d e r  t h e  r a d i a t i o n  produced by a n  e l e c t r o n  moving i n  
-+ 
a c i r cu la r  o r b i t  i n  a s t a t i c  and  uni form magnet ic  f i e l d  B immersed 
i n  a homogeneous and i s o t r o p i c  medium c h a r a c t e r i z e d  by a d i e l e c t r i c  
c o n s t a n t &  and a magnet ic  p e r m e a b i l i t y  e q u a l  t o  t h a t  of f r e e  s p a c e .  
The e l e c t r i c  and magnet ic  v e c t o r s  of t h e  r a d i a t i o n  f i e l d  s a t i s f y  
Maxwell 's e q u a t i o n s :  
w h e r e 1  and 7 are t h e  cha rge  and c u r r e n t  d e n s i t i e s  a s s o c i a t e d  w i t h  
t h e  e l e c t r o n ' s  motion.  
+ 
A wave e q u a t i o n  f o r  t h e  magne t i c  v e c t o r  H 
can  be  o b t a i n e d  by t a k i n g  t h e  c u r l  of e q u a t i o n  (13) and by u s i n g  
e q u a t i o n s  (12) and (14) : 
S i n c e  t h e  motion of t h e  e l e c t r o n  is p e r i o d i c ,  w i t h  g y r o p e r i o d  T ,  
+ + 
b o t h  H and J can be decomposed i n t o  F o u r i e r  s e r i e s .  
-16- 
t h e  c o e f f i c i e n t s  of which s a t i s f y  P o i s s o n ’ s  e q u a t i o n :  
w h e r e  
By u s i n g  t h e  i n v e r s e  t r a n s f o r m  of (171,  t h e  s o l u t i o n  of (18) can  
0 
S i n c e  t h e  c u r r e n t  d e n s i t y  can  be w r i t t e n  as 
3 -P 
T&) a n d u ( t ) a r e  t h e  e l e c t r o n ’ s  i n s t a n t a n e o u s  p o s i t i o n  where 
and  v e l o c i t y ,  e q u a t i o n s  (110) r e d u c e s  t o  
0 
where t h e  g r a d i e n t  is t a k e n  w i t h  r e s p e c t  t o  re . 
We now d e f i n e  a c o o r d i n a t e  sys tem such  t h a t  i ts o r i g i n  is a t  t h e  
e l e c t r o n ’ s  g u i d i n g  c e n t e r  and  t h a t  t h e  z a x i s  is p a r a l l e l  t o  t h e  
d i r e c t i o n  of t h e  s t a t i c  f i e l d  g. S i n c e  t h e  r a d i a t i o n  is symmetr ic  
-17- 
w i t h  r e s p e c t  t o  g, w e  can  d e f i n e  t h e  a z i m u t h a l  o r i e n t a t i o n  of  t h e  
sys t em so t h a t  t h e  yz p l a n e  c o n t a i n s  t h e  p o i n t  of o b s e r v a t i o n  
Le t  Ro be t h e  d i s t a n c e  from t h e  o r i g i n  t o  t h e  p o i n t  of 
A 
o b s e r v a t i o n  a n d k  a u n i t  v e c t o r  a long  t h i s  d i r e c t i o n .  
much larger  t h a n  b o t h  t h e  wavelength of t h e  r a d i a t i o n  and t h e  
I f  Ro is 
g y r o r a d i u s  f e  , I-?+ re I can be approximated by 
* -  I r - r J  x u o  -?e'& 
Using t h i s  r e l a t i o n  and n e g l e c t i n g  re* ^k i n  t h e  denominator  of 
t h e  t e r m  i n  s q u a r e  b r a c k e t s ,  equa t ion  (112) can  be w r i t t e n  as  
where 3 k, -E 4, 
4 
I n  t h e  c o o r d i n a t e  sys tem d e f i n e d  above ,  t h e  z component of As 
v a n i s h e s  and its x and y components a r e  g i v e n  by 
-18- 
* 
w h e r e g i s  t h e  magnitude of V , P is t h e  r a t i o  of lr t o  c and 8 
is t h e  ang le  between & and B.  Using some w e l l  known i n t e g r a l s  4 
from t h e  theo ry  of Bessel f u n c t i o n s ,  (115) and (116) reduce  t o  
I n  an  i s o t r o p i c  d i e l e c t r i c  medium t h e  e l e c t r i c  and magnet ic  
vec to r s  of p l a n e  e l e c t r o m a g n e t i c  waves and t h e  p ropaga t ion  v e c t o r ,  
I & , are mutua l ly  o r t h o g o n a l  and r e l a t e d  by 
A s  d i s c u s s e d  i n  t h e  ma in  t e x t ,  however, t h i s  r e l a t i o n  is v a l i d  
, 
o n l y  f o r  s u f f i c i e n t l y  h i g h  f r e q u e n c i e s  where t h e  a n i s o t r o p y  in -  
t r o d u c e d  by t h e  s t a t i c  f i e l d  becomes n e g l i g i b l e .  Using (1191, 
t h e  p o i n t i n g  v e c t o r  3 can be w r i t t e n  a s  
and t h e r e f o r e ,  t h e  in s t ananeous  power r a d i a t e d  i n t o  t h e  s o l i d  
a n g l e  e l e m e n t  )Q is g iven  by 
- 19- 
The a v e r a g e  power r a d i a t e d  i n t o  t h e  s harmonic is o b t a i n e d  by 
u s i n g  (16)  and by a v e r a g i n g  (121) ove r  one g y r o p e r i o d  T .  T h i s  
Making u s e  of e q u a t i o n s  (1131, (117) and (1181,  e q u a t i o n  (122) 
can  f i n a l l y  be w r i t t e n  a s  
S i n c e  6 
p e r i o d  T is g i v e n  by 
is e q u a l  t o  t h e  index  of r e f r a c t i o n  n ,  and t h e  gyro-  
e q u a t i o n  (123) is eputvalent to e q u a t i o n  (8) g i v e n  i n  t h e  main t e x t .  
-20- 
Amendix 11 
We now provide  an o u t l i n e  of t h e  e v a l u a t i o n  of t h e  i n -  
tegral i n  equat ion ( 9 ) .  
Watson, 1966) 
Using t h e  i d e n t i t i e s  ( S c h o t t ,  1912; 
t h e  term i n  square bracket s  i n  equat ion  ( 8 )  reduces  t o  
5r 
b i n g  t h i s  e x p r e s s i o n  and t h e  i n t e g r a l  (Gradshteyn and Ryzhik, 
1965) 
Sin = -  
0 
equat ion ( 9 1 ,  w i t h  aI/JR g i v e n  by equat ion  (81, reduces  t o  
-2 1- 
e q u a t i o n  (1113) becomes e q u i v a l e n t  to e q u a t i o n  ( 1 0 ) .  
-22- 
A m e n d i x  I11 
We s h a l l  f i r s t  d e r i v e  e q u a t i o n  (14) by u s i n g  a n  a s y m p t o t i c  
formula  from t h e  t h e o r y  of B e s s e l  f u n c t i o n s  (Yatson ,  19661,  
d2 
namely t h a t  f o r  S(l-pzmz) >>I 
By d i f f e r e n t i a t i n g  and i n t e g r a t i n g  t h i s  e x p r e s s i o n  and  by 
u s i n g  t h e  i d e n t i t y  
,which can be d e r i v e d  by d i r ec t  d i f f e r e n t i a t i o n ,  and t h e  con- 
342 'CI 
d i t i o n  5 (  1-pn ) S I , mentioned above ,  w e  f i n d  t h a t  
&sing e q u a t i o n s  (1111) and  (11121, equat ion  (11) r e d u c e s  t o  
-23- 
F i n a l l y ,  making use of e q u a t i o n  ( 1 7 ) ,  w e  o b t a i n  t h a t  
A s  can  be s e e n ,  t h i s  e x p r e s s i o n  is i d e n t i c a l  t o  e q u a t i o n  (14) 
i n  t h e  main t e x t .  
We now c o n s i d e r  t h e  d e r i v a t i o n  of e q u a t i o n  ( 1 5 ) .  Making u s e  
of t h e  a s y m p t o t i c  formula  (Watson, 1966) 
which is v a l i d  f o r  l a r g e  s and  x, and x s  5,. w e  f i n d  t h a t  f o r  
I -panL<& I 
By i n t e g r a t i n g  and d i f f e r e n t  i a t  i ng  e q u a t i o n  ( I  116) w e  d i r e c t l y  
o b t a i n  
and  
where o/$ is g i v e n  by e q u a t i o n  ( 1 6 ) .  
-24- 
I n  t h e  p rocess  of d i f f e r e n t i a t i n g  e q u a t i o n  (IIIG), w e  made u s e  
of t h e  formula (Schwinger,  1949) 
S u b s t i t u t i n g  (1117) and (1118) i n t o  e q u a t i o n  (11) and a g a i n  
making use of t h e  c o n d i t i o n  \ - p h 2 4 < I  , w e  o b t a i n  
Using t h e  i d e n t i t y  (Schwinger,  -- 1949) 
e q u a t i o n  (1119) can  be reduced  t o  
d 
which is i d e n t i c a l  t o  e q u a t i o n  (15) g i v e n  i n  t h e  main t e x t .  
As po in ted  o u t  above ,  e q u a t i o n  (1114) is v a l i d  for a l l  v a l u e s  
of s and ) as long  asS/),)Iis s a t i s f i e d .  
a l s o  is much l a r g e r  t h a n  u n i t y ,  e q u a t i o n  (1114) s h o u l d  r educe  
t o  a n  a p p r o p r i a t e  asympotic  form of e q u a t i o n  (11110) .  Indeed ,  
3 
4 I 
I f ,  however,  8, 
if a,,, I 
(1114) c a n  be expanded i n  powers of 
, t h e  e x p r e s s i o n  i n  s q u a r e  brackets i n  e q u a t i o n  
-25- 
Using t h i s  e x p r e s s i o n ,  and assuming t h a t  ?7 1 , equat ion 
(1114) reduces  t o  
By making use  of an asymptot ic  express ion  g i v e n  by Ginzburg 
and S y r o v a t s k i i  (19641, namely t h a t  for X>>\ 
w e  see t h a t  equat ions  (1114) and (11110) have indeed t h e  
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FIGUR,E CAPTIONS -__ - __ 
F i g u r e  1: The e m i s s i v i t y  f u n c t i o n  F(U/dc) i n  vacuum f o r  e l e c t r o n s  
of v a r i o u s  Loren tz  f a c t o r s .  The c i r c l e s  deno te  t h e  
f r e q u e n c i e s  cor responding  t o  t h e  f i r s t  10  harmonics .  
The a c t u a l  emiss ion  c o n s i s t s  of d i s c r e t e  s p i k e s  a t  t h e  
i n d i v i d u a l  harmonics  and can  be o b t a i n e d  f r o m  F ( V / V c )  
by u s i n g  e q u a t i o n  ( 1 3 ) .  
F i g u r e  2: The e m i s s i v i t y  f u n c t i o n  F (U/vc) i n  a n  i o n i z e d  m e d i u m  
f o r  V / d  = & a n d  f o r  e l e c t r o n s  of  v a r i o u s  Loren tz  f a c t o r s .  
The a c t u a l  emis s ion  c o n s i s t s  of d i s c r e t e  s p i k e s  a t  t h e  
i n d i v i d u a l  harmonics and can  be o b t a i n e d  from F ( \ l /Uc) 
by u s i n g  e q u a t i o n  (13) . 
P 6  
F i g u r e  3: The r a t i o  between t h e  v a l u e s  of F (U/uc) c a l c u l a t e d  by 
u s i n g  t h e  u l t r a r e l a t i v i s t i c  approximat ion  t o  t h o s e  shown 
i n  f i g u r e  2. FUR cor re sponds  t o  t h e  v a l u e s  of 
o b t a i n e d  from equa t ion  (15) f o r  up/"s = 6  . 
F(U/U,) 
F i g u r e  4 :  The e m i s s i v i t y  f u n c t i o n  F(U/Uc) i n  a n  i o n i z e d  medium f o r  
u 1 3 x 3  and f o r  e l e c t r o n s  of  v a r i o u s  Loren tz  f a c t o r s .  The 
a c t u a l  emis s ion  c o n s i s t s  of d i s c r e t e  s p i k e s  a t  t h e  in -  
d i v i d u a l  harmonics  and can be o b t a i n e d  from F ( V / V C )  
by u s i n g  e q u a t i o n  ( 1 3 ) .  
P b  
F i g u r e  5: The e m i s s i v i t y  f u n c t i o n  F(u[V,) i n  an  i o n i z e d  medium f o r  
up/U6 = 1.5 and f o r  e l e c t r o n s  of  v a r i o u s  Loren tz  f a c t o r s .  
The a c t u a l  e m i s s i o n  c o n s i s t s  of  d i s c r e t e  s p i k e s  a t  t h e  
i n d i v i d u a l  harmonics and  can  be o b t a i n e d  from F (U/uc) 
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